ABSTRACT. Suppose p = tn + r is a prime and h is the class number of the imaginary quadratic field, Q(
INTRODUCTION
Let p be a prime number throughout the paper. Gauss [1, 3, 4] proved that if p = 4n +1 then p = a 2 + b 2 where a ≡ 1 (mod 4) and
Jacobi [4, 6] proved that if p = 3n + 1 then 4 p = a 2 + 27b 2 where a ≡ 1 (mod 3) and
Eisenstein [1, 2] proved several results. If p = 8n +3 then p = a 2 +2b 2 where a ≡ (−1) n (mod 4) and
He also proved that if p is a prime of the form p = 7n + 2 or 7n + 4 then p = a 2 + 7b 2 where a ≡ p 2 (mod 7) and
In this paper we study similar problems for primes of the form p = tn + r Key words and phrases. Binomial Coefficient, Guass Sum, Stickelberger Theorem, p-adic Gamma Function , Gross-Koblitz Formula.
t ≡ 3 (mod 4) IS A PRIME
Since t ≡ 3 (mod 4), the ring of integers of Q( √ −t) is Z[
] and Q(ζ t ) is the extension field of Q( √ −t) with degree φ(t )
. Set s = φ(t )
2 . Let r be a quadratic residue modulo t such that 1 < r < t and the order of r modulo t is s. If s is a prime, then the order of a quadratic residue r modulo t such that 1 < r < t is s. Let p = tn + r be a prime. By Dirichlet's theorem, there are infinitely many primes of this type since (r, t) = 1. Then 
2.1. Gauss Sums. The unit group of the finite field F × q can be identified with the (q −1)-st roots of unity via Teichmüller character ω.
where ζ q−1 is the primitive (q − 1)-st root of unity. Let χ be a multiplicative character such that
where ζ t is the primitive t-th root of unity. Note that t|(q − 1). Define the Gauss sum as follows.
where tr : F q −→ F p is the trace map and ζ p is the primitive p-th root of unity. Note that
since χ ν is a non-trivial character,
Since c j is determined by j (mod t) and p ≡ r (mod t), c j = c pj = c r j .
Lemma 2.1.4.
) is cyclic of order s generated by
. By lemma 2.1.2, the above lemma is proved.
Definition 2.1.5. [8] θ :=
where
by Stickelberger's theorem [8] .
Gal(Q(ζ t )/Q( √ −t)) = {σ b |b is a quadratic residue modulo t} fixesp 1 , and all the other σ b s sendp 1 top 2 . So
Lemma 2.1.6.
Consider the analytic class number formula
for abelian extensions. We know that if ψ(−1) = −1 then
where f is the conductor of ψ and
ψ(a)e 2πi/ f is a Gauss sum.
Apply these formulas to Q( √ −t). Then r 1 = 0, r 2 = 1, R = 1, w = 2, |d| = t, and
By taking the absolute value
where m approaches z p-adically through positive integers.
where vP 1 isP 1 -adic valuation [8] .
Let be a ( p − 1)-st root of − p. Then Gross-Koblitz formula is Proof. The first statement is trivial.
For the second, we will prove only α < β case because the other case is done in a similar manner. By lemma 2.1.6 and Gross-Koblitz formula,
By Wilson's theorem, if p is a prime and p − 1 = x + y then x!y! ≡ (−1) y+1 (mod p).
So we get the Eisenstein's result.
Since a ≤ 2 √ p < p/2, the sign can be uniquely determined.
Example 2.3.3 Let t = 11, then s = 5, α = 2, β = 3 so h(Q( √ −11)) = 1. Jacobi [4, 5] showed that if p = 11n + 1 is a prime and 4 p = a 2 + 11b 2 where a ≡ 2 (mod 11) then
(mod p)
Suppose p = 11n + 5 is a prime.
Since a ≤ 2 √ p < p/2 , the sign can be uniquely determined. In a similar manner, we can get the following corollary.
Corollary 2.3.4
Let p = 11n + r be a prime and 4 p = a 2 + 11b 2 where r is a quadratic residue modulo 11. Then
Example 2.3.5 Let t = 19, then s = 9, α = 4, β = 5, so h(Q( √ −19)) = 1. Since s is not a prime, the order of a quadratic residue is not always s(= 9). Suppose p = 19n + 4 is a prime. Then 10n + 2 3n + 1 6n + 1 3n
Similarly we get the following corollary.
Corollary 2.3.6 Let p = 19n + r be a prime where r is a quadratic residue and its order is
9. If 4 p = a 2 + 19b 2 , then a is congruent modulo p to a product of binomial coefficients modulo sign. 12n + 1 5n
12n + 2 4n
Suppose p = 4kn +r is a prime where k ≡ 1 (mod 4) is a prime and r ≡ 3 (mod 4) is a quadratic non-residue modulo k, that is r k = −1. Then the ring of integers of Q(
. Letp i be the prime ideal of Q(ζ t ) over p i and q = p k−1 . If P i is a prime in Q(ζ q−1 ) lying abovep i , then the residue class degree of P i is k − 1 hence we can identify Z[ζ q−1 ]/P 1 with F q . Note that P i / p is unramified. 
Thus we showed 8|(q − 1), hence 4k( p − 1)|(q − 1). So we are done.
The Galois group Gal(Q(ζ t )/Q( √ −k)) is cyclic of order k − 1 generated by
since the order of r modulo t is k − 1. Hence τ ( ν ) = ν since c j = c r j as in the previous
Stickelberger's theorem
Let ψ be a multiplicative character ψ :
is the field belonging to ψ.
2 since the order of r is k − 1. But
It is a contradiction.
Apply the analytic class number formula to Q( √ −k) and take the absolute value. Then 
